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Abstract

Based upon Green–Kubo linear response theory, we use the exact expression for the heat flux vector of the base fluid plus nanoparticle
system to estimate the contribution of nanoparticle Brownian motion to thermal conductivity. We find that its contribution is too small
to account for abnormally high reported values. The possibility of convection caused by Brownian particles is also found to be unlikely.
We have estimated the mean free path and the transition speed of phonons in nanofluid through density functional theory. We found a
layer structure can form around the nanoparticles and the structure does not further induce fluid–fluid phase transition in the bulk fluid.
By analyzing the compressibility of the fluid, we have also investigated the sound speed in the nanofluid. For the models of an asym-
metric hard sphere mixture representing the single spherical nanoparticles and a mixture of rods and hard spheres representing aggre-
gates, both suspended in the fluid, we found that for the very low volume fraction cases, the compressibility changes little. This
shows that the speed of phonon transition does not change due to the addition of nanoparticles of either type. Our results indicate that,
besides the enhancement due to the high thermal conductivity of nanoparticles themselves, fluid molecules make no evident contribution
to the enhancement of thermal conductivity attributable to the presence of the nanoparticles at volume fractions less than 5%.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

There are many mechanisms proposed to explain the
abnormally high observed thermal conductivity found in
nanofluids. Based upon experimental work [1], the enhance-
ment of effective thermal conductivity shows concentration,
size and temperature dependencies and the order of magni-
tude of enhancement falls outside the prediction of the con-
ventional continuum theories, for example the Hamilton and
Crosser model [2]. Numerous models have been proposed in
order to explain this phenomenon and may be categorized
into two types, the layer structure model [3–5] and the
Brownian motion model [6–9]. The physical meaning is cor-
rect and clear for the layer structure model, but as pointed
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out by Kelblinski et al. [10], since the layer structure forms
around the nanoparticle, it can be treated as part of the nano-
particle. No matter how large the thermal conductivity is in
the layer structure, the whole contribution cannot exceed the
upper limit predicted by the continuum model. Another
weakness for the layer structure model is that it cannot
account for the temperature-dependent effect observed in
the experiments. Many groups pointed out that the Brown-
ian motion may be one possible reason and have made enor-
mous efforts to model it. The theoretical models are of two
types, one is based on the translational Brownian motion
of nanoparticles [6,7] and the other is based on the micro con-
vection caused by the Brownian motion of nanoparticles
[8,9]. Bhattacharya et al. [6] conducted molecular dynamic
simulations to compute the heat flux correlation functions
of nanoparticles. They assume there exist interactions
between nanoparticles and the interaction parameters used
in their simulation are fitted from the experimental enhance-
ment of thermal conductivity. Kelblinski et al. [10] per-
formed simulation of a single crystalline nanoparticle
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suspended in fluid and found the Brownian motion has little
effect on the total heat flux autocorrelation function. Shukla
and Dhir [7] proposed a model based on the Brownian
motion of particles at equilibrium, where they gave an ana-
lytical expression of excess thermal conductivity. Within
their model, the kinetic heat flux of nanoparticles accounts
for the enhancement of thermal conductivity. Besides the
translational Brownian model, Jang and Choi [8] suggested
that the Brownian motion of nanoparticles is a key mecha-
nism governing the thermal behavior of nanofluid. Their
model assumes the Brownian motion of nanoparticles in
nanofluid produces convection-like effects on the nanoscale.
Their model is able to predict the size-dependent, concentra-
tion-dependent and temperature-dependent thermal con-
ductivity. However, Jang and Choi’s modeling was
criticized by Prasher et al. [12] for the unphysical assump-
tions such as the arbitrarily defined thickness of the bound-
ary layer, the parallel path of heat transfer within the
nanofluid and the unjustified heat transfer coefficient, etc.
Prasher et al. [9] proposed that the Brownian motion of
nanoparticle may introduce a localized convection which is
the main reason of enhancement of thermal conductivity.

In the theoretical model based on the Green–Kubo linear
response theory [6,7], the contribution to thermal conductiv-
ity by nanoparticles is added directly to that of the base fluid,
which means the heat fluxes in fluid and in nanoparticle are
parallel. Their assumptions of additivity are made without
explanation. Molecular dynamics studies [6,10] indicate that
the enthalpy of fluid molecules and atoms of nanoparticle
can be neglected. In [10], the averaged enthalpy is used. Since
the nanofluid consists of two different molecules with differ-
ent phases, the two kinds of molecules are not well mixed, so
it is not suitable to use the averaged enthalpy. Justification of
these two assertions is very weak and needs to be discussed in
detail. It is also very interesting to note that in a recent molec-
ular dynamic simulation work conducted in [11], where the
authors simulate a system consisting of monodispersed sub-
nanometer clusters of Pt in liquid Xe and found that the
enhancement of thermal conductivity may be ascribed to
the strong Xe–Pt interaction.

It is recognized that the thermal conductivity in fluid
and solid components of the nanofluid is related to the type
of phonon excited, the phonon mean path, and the phonon
transport speed, i.e., the speed of sound in the medium [13].
In [14,15], the propagation of sound waves in suspensions
of hard sphere colloids is studied as a function of volume
fraction with Brillouin light scattering. The authors found
two kinds of modes of acoustic excitations. One sets up the
deformation in both solid particles and liquid and the other
is mainly localized near the interface between the solid par-
ticle and fluid, which is a surface. With the theory and
experimental results, it is reasonable to conclude that if
the fluid is responsible for the enhancement of thermal con-
ductivity, then either the phonon mean free path, which
relates to the structure of the fluid, or the speed of sound,
which relates to the compressibility of the nanofluid, may
change.
In the following section, we will give discussions on the
possible reasons accounting for the enhancement of effec-
tive thermal conductivity in nanofluid from both sides of
nanoparticles and the base fluid. First, we will show the
unphysicalness of micro convection. Then, starting from
Green–Kubo linear response theory, we define the heat flux
vector of the nanofluid including the base fluid molecule
and the atoms in nanoparticle. By doing the integral of
the heat flux autocorrelation function, we give an analytical
result for the enhancement of thermal conductivity due to
the Brownian motion of nanoparticles; by doing rough esti-
mation; we show that the translational Brownian motions
of the nanoparticle make little contribution to the effective
thermal conductivity of nanofluid. Later, the changes of
the phonon mean free path and the speed of sound brought
by the insertion of nanoparticles will be discussed.
2. Unphysicalness of micro convection model

The basis of the micro convection model is that the vol-
ume of fluid affected by the Brownian motion of nanopar-
ticles is very large compared with that of a nanoparticle
[16]. Hence, not only the nanoparticles move around due
to the Brownian effect, but also significantly large bodies
of fluid around nanoparticles interact with each other,
which leads to a strong micro convection. Both [9,16]
assumes Eq. (6) in [16] is correct,
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where the velocity field of the base fluid around a nanopar-
ticle is given assuming steady flow condition and large
amount of base fluid will be affected from the steady flow
condition. However, the equation is assumed to be under
the condition of steady flow in the Stokes regime, which
is totally different from that of a nanoparticle in its Brown-
ian motion. The existing literature describing the velocity
field of the base fluid around a Brownian particle is limited,
but a very recent simulation paper [17] demonstrates that
the amplitude of velocity field around a Brownian particle
decays much faster than that of a particle moving with a
constant velocity. For example, they showed that the peak
value of the velocity field correlated with the particle is 5%
for the shell located 2.6R away from the center of the par-
ticle. The simulation result contradicts the steady state
assumption. Therefore, the assumption of large value of
the dynamic boundary layer induced by the Brownian mo-
tion of nanoparticles is questionable.
3. Translational Brownian model

In the constant energy (NVT) ensemble, thermal con-
ductivity, k for the pure fluid, can be computed from the
integrated heat flux autocorrelation function [18]
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Here, Nf is the total number of fluid molecules, Ng is the
total number of nanoparticles, Np is the total number of
atoms or molecules in one nanoparticle, mf is mass of fluid
molecule, mi

p is mass of atoms or molecules of a nanopar-
ticle, v

*i
f is velocity of fluid molecule i, V

*

g is mass center
velocity of nanoparticle g, v

*g
i is the velocity of ith atom

or molecule of gth nanoparticle relative to its mass center,
ui is the total interaction potential energy of fluid molecule
i, ui;g

p is the total interaction potential energy of ith atom or
molecule of gth nanoparticle, f

*

ij is force between fluid mol-
ecules i and j, f

*
g
ij is force between a fluid molecule i and an

atom or molecule j of a nanoparticle, f
*

g;p
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between a fluid molecule i and an atom or molecule j of gth
nanoparticle, r

*g;p
ij is the relative position between atoms or

molecules in the particle, hf is the enthalpy of a fluid mol-
ecule and hi

p is the enthalpy of an atom or molecule in
gth nanoparticle. Obviously,
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here M is the mass of a nanoparticle.
Before evaluating the heat flux autocorrelation function,
there are several factors that need to be taken into account:

1. For the purposes of the current application, the nano-
fluid is assumed to have a low concentration of nanopar-
ticles. Therefore the interaction between nanoparticles
may be neglected.

2. The motion of nanoparticles suspended in fluid obeys
Langevin equation.
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where l is dynamic viscosity of the bulk fluid, F
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is the random force and R is the radius of nanoparticle.
The velocity autocorrelation function has the form [19]:
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3. By taking into account the enthalpy definition in [20],
Eq. (5) may be written in the following form:

S
*

n ¼ S
*

n1 þ S
*

n2 ð9Þ
where

S
*

n1 ¼
XN n

g¼1

XNp

i¼1

1

2
mi

pðv
*g

i � v
*g

i Þv
*g

i

�

þ 1

2
ui;g

p v
*g

i þ
1

2

XNn

i6¼j

r
*g;p

ij ðf
*

g;p
ij � v

*g
i Þ

þ 1

2

XN f

j¼1

r
*g

ijðf
*

g
ij � v

*g
i Þ
#

ð10Þ

S
*

n2 ¼
XN n

g¼1

XNp

i¼1

mi
pðv
*g

i � v
*g

i ÞV
*

g

h i

þ
XNn

g¼1

1

2
MðV

*

g � V
*

gÞV
*

g þ UgV
*

g

� �
ð11Þ

here

Ug ¼
XNp

i¼1

1

2
uf

ij þ
XN f

j¼1

1

6
r
*f

ij � f
*

g
ij ð12Þ

with uf
ij to be the interaction energy between atoms or mol-

ecules comprising gth nanoparticle and fluid molecules.
For a nanoparticle, Ug is a constant.

Within a nanoparticle, the sum of kinetic energy of all
atoms or molecules can be treated as a constant
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It is necessary to mention that we obtain Eqs. (10) and (11)
by assuming the total momentum of nanoparticles
fluctuates,
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The second term in Eq. (14) represents the heat flux due to
the momentum fluctuation of nanoparticles and this term
does not contribute to the thermal conductivity due to its
random nature.

Finally, the heat flux can be divided into two parts, one
contribution is from the microscopic motion of atoms and
molecules in both nanoparticles and fluid and the other
from the motion of the centers of mass of the nanoparticles.

Since the nanoparticle has a large mass compared with
those of fluid molecules, the energy flux of nanoparticles
and that of fluid molecules evolve on different time scales;
consequently, the correlation between them may be
neglected. Finally, Eq. (3) can be decomposed into two
parts,
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The first part in Eq. (15) represents the heat flux autocor-
relation function without Brownian motion; the other part
represents nanoparticles suspended in a homogeneous
fluid, whose motion obeys the Langevin equation. The first
part of Eq. (15) should contribute to the thermal conduc-
tivity predicted by the continuum model [2] and the second
accounts for the enhancement beyond the prediction of
continuum model.

Therefore, the contribution to the enhancement of ther-
mal conductivity due to the Brownian motion of nanopar-
ticle is
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this expression is what is obtained in [7], and the authors
give the analytical result
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where / is the volume fraction of nanoparticles, kB is the
Boltzmann constant, T is the system temperature and l is
the dynamic viscosity of fluid.

With the expression in Eq. (17), we may notice the fol-
lowing important properties:

1. The enhancement of thermal conductivity due to the
Brownian motion is proportional to the volume fraction
of the nanofluid.

2. The dynamic viscosity of a fluid l decreases as temper-
ature increases, the enhancement should rise as temper-
ature rises.

3. Regarding the third property, the dynamic viscosity l is
not a constant. The detailed discussion on the dynamic
viscosity were given in [21–25]. Since, here for nanopar-
ticles with radii greater than 10 nm, it is not vital to the
final result, we will not discuss it in detail. The drag
force on a spherical nanoparticle suspended in fluid with
a slip length Ls is given in [26], from where, the size-
dependent dynamic viscosity is written as

leff ¼ l
1þ 2Ls

R

1þ 3Ls

R
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The reciprocal of effective viscosity is easily seen to have a
dependence of 1þ 1

1þ R
Ls

.For the parameters set above, at

temperature of 320 K, we find that kexcess is on the order
of 10�15 W

mK. Compared with the value for water, the contri-
bution from the Brownian motion therefore can be
neglected. This result agrees with computer simulation of
the thermal conductivity of nanofluid [10].
4. Phonon mean path

In [27], the authors observed that when water is in a
sea of obstacles, the properties of water might change.
When the density of those obstacles is high, they will hin-
der the formation of the network of water linkages via the
hydrogen bond in normal water. However, when the den-
sity of those obstacles is low, they will favor increasing the
structure order of water, which implies the mean free path
of phonon in such case, will increase. Therefore, it is nec-
essary to explore whether the nanoparticle will bring this
effect to the nanofluid in the low concentration limit. First
we used the density functional theory to determine the
effect on the liquid structure due to the insertion of nano-
particles. Since detailed information of interaction of
nanoparticles is not very clear, we present a crude estima-
tion via density functional theory. We treat the water mol-
ecule as Lennard–Jones spheres with four hydrogen-
bonding sites [28,29]. In order to fit the coexistence den-
sity around 300 K well, we choose the parameters as fol-
lows, e

kB
¼ 484:21 K, r ¼ 3:164 Å and eHB

kB
¼ 1534:00 K.

The values above are close to the choice in [30]. The inter-
action between nanoparticle and fluid molecules takes the
form

U intðrÞ ¼ ew expð�arÞ ð19Þ

where ew

kB
¼ 2527:81 K and a ¼ 2

r, ew is the work required to
move a water molecule from the surface of a nanoparticle
to infinity, which equals the binding energy of a water mol-
ecule at the nanoparticle surface. Here, we choose ew to be
the energy of hydrogen bonding, which is the value used in
[31] to mimic the hydrogen bond. a is chosen to make sure
the interaction is a short-ranged potential. The procedure
of the density functional theory to evaluate the density pro-
file of fluid around the nanoparticle follows [32–34]. Fig. 1
is an example of the density distribution for water around a
nanoparticle with radius of 30 nm at 320 K. What we
would like to stress here is that the hydrogen bond is not
the only chemical bond that can be formed between the
base fluid molecules and the nanoparticle molecules. Since
so far, many molecular dynamic simulations are using the
Lennard–Jones model to represent the interaction between
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Fig. 1. The density distribution for water around a nanoparticle with
radius of 30 nm at 320 K where r is distance from particle surface in
nanometers and g(r) is in nm�3.
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the base fluid molecules and nanoparticle molecules, for
example [10], we think the model used in this work is closer
to physical reality.

Through a series of calculations, we found that for
nanoparticles ranging from 10 nm to 60 nm, the density
distribution changes only slightly. Within a narrow range
of temperatures at a given radius, the density distributions
are nearly the same. Therefore it is reasonable to assume
that the density distribution is always the same as far as
our interests here are concerned. It is noticeable that
beyond three times the fluid molecular diameter, the layer-
ing structure disappears, which means the fluid beyond that
distance has the properties of the bulk fluid. We have
altered the strength between the wall and fluid molecule
and found that only the height of peak changed but the
three-layer structure does not change much. This layer
structure may account for the second mode of acoustic
excitation in [14,15]. For the low volume concentration of
nanoparticles, most of the fluid molecules stay in the liquid
phase; only a small part of them enter the layer structure,
whose thickness is approximately one nanometer according
to the current calculation, and we may conclude that the
mean free path of phonon does not change much in the
nanofluid.

5. Phonon transport speed

In the pure fluid, phonon transport speed is related to
the sound speed in the fluid. The sound speed is related
to the compressibility and the density of the fluid

c ¼

ffiffiffiffiffiffiffiffi
1

qjT

s
ð20Þ

where q is the density of the material and jT is the com-
pressibility of the material

1

jT
¼ q

oP
oq
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where P is the pressure and q is the number density. From
above, once we know the equation of state, we may evalu-
ate the compressibility and speed of sound.

The properties of a fluid are mainly determined by the
repulsive part of the intermolecular potential of the fluid
molecules, so the fluid may be modeled as a hard sphere
fluid. Here, we assume the nanofluid is a highly asymmetric
hard sphere mixture. From [35–37], the compressibility for
the simple hard sphere fluid

1
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here n is the number density, kB is the Boltzmann constant,
g1 ¼ p
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dius. For the hard sphere mixture,
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x is the number concentration of nanoparticles, and R is
the radius of a nanoparticle. a ¼ R

r is the radius ratio of
nanoparticles and fluid molecules, g ¼ p

6
nð1� xÞr3þ

p
6

nxR3 is the total packing factor of the system. For the
low nanoparticle concentration case, the linear combina-
tion approximation is sufficient for the total packing
factor.

From the analysis above we find that the single sphere
nanoparticle insertion will not change the compressibility
of the system. In the following part we will explore the case
of the insertion of non-spherical hard bodies, mimicking
the non-spherical nanoparticles and the aggregates of
spherical nanoparticles. Refer [38–45] discussed mixtures
of hard spheres and various hard bodies. Here we adopt
the cylinder as the shape of both the non-spherical nano-
particles and the aggregates of spherical nanoparticle by
adjusting the length and diameter. According to [44,45],
the pressure of the mixture of hard spheres and cylinder
is given by

P ¼ P s þ P c a� gs
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where Ps is pressure contribution from the fluid molecules
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here Pc is pressure contribution from the suspended
cylinder
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in the above equation
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where D is the diameter of the cylinder and L is the length
of the cylinder.
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a is free-volume fraction, defined as
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A, B, C are quantities related to geometry
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the packing factors for hard sphere and cylinder are
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the compressibility for the system is formally written as
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Eq. (32) contains zeroth, first order and second order of the
derivatives of a. The typical value for the packing factor of
fluid, for example water is 0.466.

We found that under the value of the fluid packing fac-
tor, all the terms containing a are very small and can be
safely treated as zero no matter how the parameters of
the suspended cylinder are varied under the low volume
concentration assumption.
6. Conclusion

In this work, we have considered several mechanisms
that might account for the high enhancement of thermal
conductivity observed by many groups. We have given
the exact result of enhancement of thermal conductivity
due to the Brownian motion and estimated its order of
magnitude. Our result indicates that although the enhance-
ment of thermal conductivity is proportional to the volume
fraction of nanofluid in the low concentration limit, at a
given size of nanoparticle, the enhancement is proportional
to T

l; however, the contribution is so small that it can be
neglected. We discussed the possibility of the micro convec-
tion in the nanofluid and concluded that this phenomenon
cannot happen because of the quick decay of the hydrody-
namic field around the Brownian nanoparticles. We also
discussed the phonon mean free path and phonon trans-
port speed in nanofluid due to the existence of suspending
nanoparticles. We found that only a thin layer of one nano-
meter may form around the nanoparticle and most of the
base fluid molecules will remain unperturbed; hence there
is no improvement on the structure of the fluid phase. By
exploring the compressibility of the nanofluid with single
spherical nanoparticle or aggregates of nanoparticles sus-
pended, we noticed negligible changes in compressibility,
which indicates the speed of phonon transport will not be
affected due to the existence of nanoparticles in the low vol-
ume fraction limit.

Our result leads us to the conclusion that neither the
motion of nanoparticles nor the structure of the fluid
accounts for the enhancement of thermal conductivity in
the nanofluid as observed by many groups. The continuum
model and the layer structure model are correct; however,
recently proposed models such as translational Brownian
model and convective model cannot account for the
enhancement of thermal conductivity because the transla-
tional Brownian model has been shown to have negligible
effect and the convective model is not physically reason-
able. Based upon what we analyzed here, the high observed
thermal conductivity of nanofluid is questionable, because
the continuous model and layer structure model cannot
account for the enhancement reported so far and our con-
clusion here corresponds to the recent simulation work [46]
and experimental work [47].

Although, the proposed mechanisms accounting for
enhancement of thermal conductivity discussed in this
paper do not work, it might not indicate that our conclu-
sion is the final word on the nanofluid thermal conductivity
enhancement. On one hand, we have omitted some other
promising mechanisms suggested elsewhere, for example,
the electrolytic structure of the base fluid plus particle sys-
tem [48] and the percolation [49]; on the other hand, some
recent simulation work such as [11] observed some thermal
conductivity enhancement in the mixture of base fluid and
subnanometer clusters mixture, though with very different
materials. Therefore, both theoretical and experimental
works are needed in the future.
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